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Abstract 

It is shown that most, but not all, of the four dimensional metrics in the Multi- 
Centre family with integrable geodesic flow may be recognized as belonging to spa- 
tially homogeneous Bianchi type A metrics. We show that any diagonal bi-axial 
Bianchi II metric has an integrable geodesic flow, and that the simplest hyperkahler 
metric in this family displays a finite dimensional W-algebra for its observables. Our 
analysis puts also to light non-diagonal Bianchi VIo and VIIo metrics which seem 
to be new. We conclude by showing that the elliptic coordinates advocated in the 
literature do not separate the Hamilton-Jacobi equation for the tri-axial Bianchi IX 
metric. 



1 Introduction 



The study of the integrable geodesic flows of the Multi-Centre metrics, initiated in [TH] . 
has been worked out completely in |27j . Let us recall that this family of metrics has the 
local form 

g = -(dt + e) 2 + Vj Q , *dQ = ±dV, (1) 

where 70 = dX 2 + dY 2 + dZ 2 is the flat metric and V(X, Y, Z) is any harmonic function 
in this flat space. 

These metrics have self-dual Riemann tensor and are therefore Ricci-flat: they realize 
an exact linearization of euclidean empty space Einstein equations, each four dimensional 
euclidean metric being "parametrized" by the harmonic function V. The geodesic flow 
is Liouville integrable only for very special potentials V as proved in jTHI and [22] • All 
these cases correspond to metrics with two commuting Killing vectors. It is therefore 
interesting to ascertain for what particular potentials the infinitesimal isometries algebra 
increases to three or more Killing vectors. For three Killing vectors the situation is quite 
interesting since the corresponding metrics could be related with the so-called Bianchi 
"spatially homogeneous" metrics (most popular in the cosmology field) which are co- 
homogeneity one metrics, with a 3-dimensional "space" acted on homogeneously by the 
Bianchi isometries. These were studied in |20], [21] and [2j- 

Even if for some particular (Riemann self-dual) Bianchi metrics, their Multi-Centre 
form is known, some items were still missing. It is the aim of this article to give a complete 
description of this correspondence and, as a consequence of the results in [THj and |2Z|, to 
ascertain which Bianchi A self-dual metrics do have an integrable geodesic flow. 

Among these Bianchi A metrics with integrable geodesic flow, the Bianchi II exhibits 
a quite remarkable algebraic structure: for any diagonal and bi-axial metric the geodesic 
flow is integrable! For the simplest metric, with anti-self-dual spin connection, the set 
of conserved quantities quadratic in the momenta (induced by Killing-Stackel tensors) 
generate a finite dimensional W-algebra with respect to the Poisson bracket which seems 
to appear for the first time in problems related to General Relativity. 

The structure of the article is the following: in Section 2 we have gathered some 
background material and then, in Section 3 we begin with Bianchi II and display in Section 
4 its finite dimensional W-algebra for the conserved quantities. In Section 5 we consider 
other Bianchi II geometries which all share geodesic integrability. In Section 6 we discuss 
Bianchi VIo and Bianchi VIIo- Another integrable metric is shown to give rise, in Section 7, 
to a non-diagonal Bianchi VIIo metric, for which we derive its Bianchi VIo partner. After 
a quick review, in section 8, of the Bianchi VIII and IX metrics we show that the elliptic 
coordinates are not separating ones for the Hamilton- Jacobi equation on Bianchi IX. After 
a short discussion of the quantum integrability aspects within minimal quantization in 
Section 9, we present some concluding remarks. 

2 Background material 

We follow the more modern classification of Bianchi Lie algebras given in ^U] . The Bianchi 
A Lie algebras have 3 generators which we denote by £j, i — 1, 2, 3 with commutation 
relations 

[A, £ 2 ] = n 3 £ 3 , [£2, £3] = nxCi, [£ 3 , £1] = n 2 £ 2) (2) 



with the invariant 1-forms <7j, i — 1, 2, 3 such that 

doi = Hi o"2 A cr 3 , da 2 = n 2 a 3 A ai, da 3 = n 3 a\ A <r 2 , £j<7j = 0. (3) 

For type A algebras the structure coefficients are given by the triplets (ni, n 2 , ^3): 

type / -> (0,0,0), type// -> (1,0,0), type V/ -> (1,-1,0), 

typeV// - (1,1,0), type VIII - (1,1,-1), type IX - (1,1,1). 

The type I, which is fully abelian, leads only to the flat metric and will be skipped. In 
this paper we will consider diagonal spatially homogeneous metrics of the form 

g = a 2 ds 2 + (3 2 a\ + 7 2 a\ + 5 2 of, (4) 

where a, /3, 7 and 5 depend solely on s, and our task will be to bring them to the Multi- 
Centre form. 

Just to settle our notations we will use the natural vierbein 

e = ads, e 1 = (3a 1 , e 2 = 7 a 2 , e 3 = 5cr 3 , (5) 

and the SD two forms ^ 

= e A ei ± - e ijk e d A e k . (6) 

Similarly the self-dual components of the spin-connection are defined by 

± 1 

— ^oi =t -eijkLOjk, (7) 

and similarly for the SD curvature components. The matrices describing the curvature in 
the self-dual basis are then A and C, which are symmetric, and B. They are defined by 

R+ = A tJ F+ + Bij F~ , R~ = (B%Ff + CyFf. (8) 

The self-dual components of the Weyl tensor are obtained from 

W~ — A (tr A) I, W + = C --(trC)I. (9) 

3 3 

As observed in [20J there are two different ways of being Riemann self-dual: 

1. The spin connection is itself antiself-dual (ASD), i.e. 

lo+ = 0, % = 1, 2, 3 R + = W + = 0. (10) 

2. The curvature itself is ASD but not the spin connection. In this case, since the 
metric is diagonal, we can write the spin connection as 

cjf = Xx(s) 01, u£ = \ 2 (s) a 2 , u£ = \ 3 (s)a 3 . (11) 

Then imposing Rf = shows that the functions Aj are independent of s and are alge- 
braically constrained by 

niAi = A 2 A 3 , n 2 A 2 = A 3 Ai, n 3 A 3 = Ai A 2 . (12) 



For each metric we will consider successively both cases. 

We will use Killing- Yano (K-Y) and Killing-Stackel (K-S) tensors, for which the reader 
could consult the references ^H] and j2ZJ- The first one contains also many useful infor- 
mation on the Multi-Centre metrics. 

Let us conclude by mentioning an interesting result, proved by Hitchin [TH]. It allows 
to compute the cartesian coordinates X, Y, Z, given the tri-holomorphic Killing vector 
K — d t and the complex structures 2-forms Jj, according to 

dX = i{K)J 1 , dY = i(K)J 2 , dZ = i(K)J 3 . (13) 

In fact these coordinates are the moment maps of the complex structures under the tri- 
holomorphic action of the Killing vector d t . 

3 Bianchi II metrics 

The Bianchi 77 Lie algebra is generated by the vector fields 

Ci = d t , C 2 = d y - zd t , C 3 = d z , (14) 
and the invariant 1-forms (jHJ) are 

(Ji = dt + ydz, cr 2 = dy, 03 = dz. (15) 
The metric with self-dual connection, given by [201, reads 

gu = msds 2 -\ of + s(a 2 + (To), m > 0, s > 0. (16) 

ms 

The parameter m is not essential and will be scaled out to 1 from now on. The global 
properties are not good: there is a curvature singularity at s = while infinity is flat as 
can be seen from the curvature 

W + = A = B = 0, W~ = C= 4diag(-2,l,l). (17) 

It is therefore Petrov type D~ . 

As a side remark, in |2Zj[p.592] an apparently different metric was given 

1 £ £ 

g = —(d T - - y dx + -xdyf + V(dx 2 + dy 2 + dz 2 ), V = v + £z. (18) 

By a translation of z we can set Vq — and by a scaling we can take £ — 1. Then 
exchanging the variables x and z and defining t = — r — ^yz brings (j!8J) to the form (fTB*|) . 
showing the identity of these two metrics. 

The triplet of covariantly constant complex structures is given by 

Ji = ds A (Ti + s a 2 A o 3 , J 2 = s ds A o 2 + o 3 A Oi, J 3 = s ds A o 3 + o x A o 2 . (19) 

There is an extra Killing vector for this metric because the coefficients of o| and o| are 
equal. Its generator is 

C, = yd z -zd y - l -(y 2 -z 2 )d u (20) 



and the full algebra closes under commutation according to 

[£ 4 , d] = 0, [£ 4 , C 2 ] = -£ 3 , [A, A] = U (21) 

The Killing vectors Ci, % = 1, 2, 3 are tri-holomorphic, while £4 is just holomorphic since 
it rotates (J2, J3) as a doublet. This metric is therefore some Multi-Centre: taking for 
convenience Ci = d t as tri-holomorphic Killing vector, it is trivial to reduce this metric to 
the form flU) via the identifications: 




(22) 



e = y dz, 

Y = y, Z = z. 

This metric is nothing but the metric written in |2Zj 
1 

— (dt + mydzf + V(dx 2 + dy 2 + dz 2 ), V = v + mi. 

Indeed by a translation of x we can set i> Q = and scale out m to 1. 

As pointed out in section 2, we may also have a non SD connection. Solving the 
equations (fT2"j) one gets 1 

A x = A 3 = & A 2 = A, A ^ 

where A is some real constant. This gives rise to the tri-axial Bianchi II metric |2Ti] 



Gu = se 



-2As 



ds 2 + a\ 



-al + sa 2 A^O. (23) 

s 



For this metric too s = is a curvature singularity. The curvature is Petrov type I: 

2Xs 

W + = R + = 0, W~ = C = — diag (-2 + As, 1, 1 - As), 

and only for A < is the geometry flat for s — > +cxd. 
One can check that the complex structures are now 

Ji + iJ^e^G/i + iJa), J 2 = </ 2 , (24) 

where the J« are defined by (|19|). Due to the tri-axial nature of this metric, the vector field 
(J2(J|) is no longer an isometry of Gu. The vector fields C\ and £3 are tri-holomorphic, while 
£2 is just holomorphic. Since the Killing vector Ci is still tri-holomorphic, the metric (|23|) 
remains a Multi-Centre. 

To determine the coordinates X, Y, Z the most convenient procedure is to use Hitchin's 
result JH] stating that these coordinates are the moment maps of the circle action of the 
tri-holomorphic vector dt- Taking for it dt = £1, and using the complex structures (|24j) 
the identification with the Multi-Centre form (pQ) is then easily obtained: 

V = -i In ((1 + AX) 2 + \ 2 Y 2 ) , 9 = \ arctan (^) dZ 

(25) 

X + iY = \ [e- Xs+iXy - 1) , Z = z. 



1 The other solution, corresponding to Ai = A2 = and A3 = A 7^ 0, corresponds to the interchange 
02 ^ °3- 



The Killing vector C 2 , which is translational when acting on the metric (|16jh acquires a 
rotational part when acting on the metric (12311 . according to 



9n Gn 
£1 = dt Ci= d t 

C 2 = d Y - Zd t — ► C 2 = d Y - Zd t + X(Xd Y - Yd x ) 
£3 = d z £3 = d z 

Let us observe, to conclude this section, that both metrics (fTfiJl and (J2*3*|) are in fact 
special cases of the most general Ricci-flat Bianchi II metric given by Taub [25 . Its 
euclidean version is 



9t = i o\ + X 



e as a 2 + e hs a\ + e {a+b)s ds 2 



sinh(v abs) 
A = — 



'ab 

Taking the b — > limit we get the self-dual metric (|2Hjl with A = —a/2 and m = 1. 

4 The W-algebra for the observables 

Let us now consider the metric gn. Its geodesic flow has for Hamiltonian 

h = ± ((n, - yiL) 2 + , 2 n t 2 + n 2 + n 2 ) . (26) 

The Poisson bracket induced by the symplectic form Q = dUi A dx l is 

dA dB dA OB 



{AB} 



<9n,- dx i dx i dIL ' 



The isometry algebra with generators i = 1, 2, 3, 4 produces four conserved quantities 

linear in the momenta: 

K 1 = U t , K 2 = U y -zU t , K 3 = U Z , K A = yU z - zU y - l -{y 2 - z 2 )U t . (27) 

Obviously, their algebra is isomorphic to the isometry algebra (J2J: 

{K u K 2 } = 0, {K 2 ,K 3 } = K U {K 3 ,K 1 } = 0, (28) 
and for the extra Killing 

{K,, K x } = 0, {K 4 , K 2 } = -K 3 , {K 4 , K 3 } = K 2 . (29) 
It was proved in [2Zj that there is a K-Y tensor 

Y = s ds A (-z a 2 + y a 3 ) + a l A (y o 2 + z a 3 ) - 2s 2 o 2 A a 3 . (30) 



It follows that Y 2 and the symmetrized products of Y with the triplet of complex structures 
give rise to four K-S tensors. This means that we have a set of four conserved quantities 
quadratic in the momenta: 



'ii = n^ + (n z - yiitf 

L 2 = U s U y - sU t (U z - yU t ) - yH 
L 3 = IL(II 2 - yU t ) + sU t U y - zH 
_ L 4 = sL 1 - yL 2 - zL 3 - \{y 2 + z 2 )H 
The isometries action on these K-S tensors is 2 



{H, Li} = 0, i = l,2, 3, 4. (31) 



{K 2 


L 2 } = 


-H, 


{K 2 ,L,} = -L 


{K 3 


L 3 } = 


-H, 


{K 3 ,L 4 } = -L 




L 2 } = 


-L 3 , 


{K,,L 3 } = L 2 . 



(32) 



The Liouville integrability of the geodesic flow is ensured by the set of observables 3 

K 2 K 3 H L u 

in involution for the Poisson bracket. 

The remaining brackets, bilinear with respect to the exhibit the nice structure 



{Li,L 2 } 
{Li,L 3 } 



-2K 2 H + 2K X L 3 
-2K 3 H - 2K X L 2 
-2K 2 L 2 - 2K 3 L 3 



{L 2 ,L 3 } = 2K 1 L 1 
{L 2 ,U} = 2K 2 L X 
{L 3 ,L 4 } = 2K 3 L 1 



(33) 



So we have obtained a new finite W- algebra out of 9 conserved quantities: H, Ki, Li. If we 
compare with the superintegrable geodesic flows in the two-dimensional Darboux spaces 
discussed in [TH] we observe that its observable algebra, made out of 3 conserved quantities, 
closes up with observables which are quartic with respect to the momenta, while here the 
closing occurs with cubic quantities. 

Finite W-algebras can also be constructed using Poisson reduction jS]. It seems quite 
unclear whether this method could lead to the W-algebra obtained here. 



5 Other Bianchi II metrics 

This section is intended to describe some general properties of the metrics of this class, 
and to give examples with different geometries: Kahler scalar-flat, Einstein with self-dual 
Weyl tensor and Kahler-Einstein. 

2 The omitted brackets are vanishing. 

3 Using (|?7jl one can check that L\ is indeed irreducible. 



5.1 Separation of Hamilton- Jacobi equation 

Let us begin with the proof of 

Proposition 1 The geodesic flow of any diagonal and bi-axial Bianchi II metric with 
isometries Ci, i — 1, ... ,4 is integrable in Liouville sense. 

Proof: 

The metric considered in this proposition must have the following form 

g = A 2 (s) ds 2 + B 2 (s) o\ + C 2 (s)(a 2 2 + of). (34) 
In the sequel we will use the vierbein 

e = Ads, ei — Bat, e 2 = C a 2 , e 3 = C cr 3 . (35) 
The hamiltonian governing the geodesic flow is 

2H -^ + c^ + — ^ — + W (36) 

The Hamilton- Jacobi equation is seen to be 

^(d s S) 2 + ^(d y S) 2 + ±(d t S) 2 + ^(d z S - yd t S) 2 = 2E. (37) 

Defining 

S = m t + zU z + X(s) +n(y), U t = q, U z = J, (38) 
leads to the separation of variables in the form 

©■^-•^("-^-MSO- (39) 

The separation constant gives a quadratic conserved quantity 

L = U 2 y + (U z -yIl t ) 2 , (40) 

which we already encountered (as L{) in section 4 for the metric gjj. It is easy to ascertain 
that this conserved quantity cannot be obtained from a quadratic form of the Killing 
vectors, so we conclude to the integrability of the geodesic flow, with H, lb, Il 2 , L\ in 
involution with respect to the Poisson bracket, and this ends the proof. □ 

5.2 Killing- Yano versus Killing-Stackel tensors 

The integration of the K-Y and of the K-S equations are quite easy if the corresponding 
tensors are form invariant under the isometries, and leads to the following: 

Proposition 2 The metric \31$ exhibits the K-Y tensor 

(C 2 )' 

Y = e A ei + fi{s) e 2 A e 3 , (i = (41) 

provided that the following relation holds: 

AB - 11 (C 2 )' + 2CV = 0. (42) 
It exhibits also the high-symmetry K-S tensor 

S = e 2 + (1+ PB 2 )el + (1 + 7 C 2 )(e^ + ej), (43) 
with two real constants j3 and 7. 



5.3 Kahler scalar- flat metric 

As explained in [7j, it is possible to construct Einstein generalizations with self-dual 
Weyl tensor. The procedure is the following: one first looks for a Kahler metric 

ds 2 

9 = -f- + foi+s(o$ + o$), Q = dsAcr 1 + scT 2 A(T 3 , (44) 

where f(s) is some free function. Imposing the vanishing of the scalar curvature leads to 
a self-dual Weyl tensor. This gives for / the very simple equation sf" + 2f = 0, and so 
f(s) = a + b/s. 

In particular, if we take a = — b = 1 the resulting metric 



9k 



S ' 2 , S 1 2 



_-ds 2 + —^—(T 2 + s(<j% + (t£), s>1, (45) 
is seen to be complete if t has period Air, since for s ~ 1 its local approximate form is 

The curvature, using the vierbein (|35j) . is Petrov D 

A = 0, S = ^2 diag (1,0,0), C , = ^=^diag(-2,1,1). (46) 

For this metric the K-Y tensor (|4*T|) reduces to the complex structure so its square is trivial, 
but ()4*5|) gives two extra conserved quantities: 

Sksf = e 2 + ( 1 + p—) e\ + (1 + 7 s)(e* + el). (47) 



5.4 Einstein metric with self-dual Weyl tensor 

Starting from the metric (|45|) . it is easy to find a conformal factor p(s) which transforms 
the scalar flat Kahler metric into an Einstein one, with self-dual Weyl tensor: 

9E = P (^Zh ds2 + CT i + + , P = 9 w 9M2 - (48) 

\as + o s / 2A(as + 2b) z 

For a = — b = 1 this metric is seen to be complete. Indeed, taking for variable r = s — 1 
it becomes 

9e = 2A(1 3 _ r)2 ^ + *? + (r + l)(- 2 2 + a 3 2 )) , < r < 1. (49) 

Its curvature is Petrov D 

A „ „^ _ „. A/l-r x3 



A = --I, W + = 0, W~ = -_f— j diag(-2,l,l). (50) 

Using (|4*TJl we get now the K-Y tensor 

Y E = e A e x + //(s)e 2 A e 3 , /i(s) = ^1 , ~ » ( 51 ) 

26 + as 



with the vierbein 



/ sp (as + b)p 
6 ° = V as + b 61 = V s ° x% e 2 = Vsp^2, e 3 = v /spo- 3 . 

It is now interesting to compare the K-S tensor obtained by squaring the Yano tensor. We 
get 

n~9E= (»(sf - l){el + el) = sp(s)(el + eg), (52) 

which is just a piece of the more general K-S tensor given by (}4*3*|) : 

S-g E = P P(s) e\ + 1 s p{s) {e\ + e 2 ) . (53) 

5.5 Kahler-Einstein metric 

There is a last Bianchi II metric, due to Dancer and Strachan 7j, which is Kahler-Einstein 
and can be written 4 : 

9ke — ^r- + A o\ + s(af + <r 2 2 ), A — - — ^s 2 , (54) 
A s 3 

with the complex structure 

J = eo A ei + e<i A e 3 = ds A o"i + s 02 A cr 3 . 

The situation is similar to the Kahler scalar-flat metric : the K-Y tensor reduces to the 
complex structure and the K-S tensor is 

Ske - 9ke == P Ae? + 7 s (e\ + e 3 ). (55) 

6 The Bianchi VIo and VIIo self-dual metrics 

We will consider successively both cases. 

6.1 The Bianchi VIo metrics 

One has for Killing vectors 

Ci=d g + zd y + y d z , C 2 = d v , C 3 = d z . (56) 
The invariant 1-forms are 

o\ = cosh 9 dy — sinh 9 dz, 02 = — sinh 9 dy + cosh 9 dz, 03 = d9. (57) 
The metric with ASD connection was first given in [20] and writes 5 

gvi = c 2 sin x cos x dx 2 + o\ + cot x of + tan x of. (58) 



4 We have set s = r 2 /4. 

5 The partner metric obtained by the interchange of the coefficients of <T\ and 02 is not different since 



it corresponds to the change of coordinate x ^ 7r /2 — X- 



The positivity of the metric requires x s]0, 7r/2[, and both end-points are curvature sin- 
gularities. 

The complex structures are 



Ji = c(cos x d-X A Oi + sin x cr 2 A 03), 
J 2 = c(sinx<ix A cr 2 + cos x 03 A 01), 
J3 = c 2 sin x cos x dx A 03 + 01 A cr 2 . 



(59) 



It follows that the three Killing vectors Li are tri-H and therefore this metric is again a 
Multi-Centre. 

For convenience we take d% = £ 2 . The canonical form $IJ is obtained with 



V 



sm x cos x 



6 



sinh 6 1 cosh 9 



dz. 



cosh 2 — sin 2 x ' cosh^ 9 — sin 2 x 

and the 3 dimensional metric 

70 = c 2 (cosh 2 6 - sin 2 x)(^X 2 + d6 2 ) + d,2 2 , 
Using Hitchin's result [THJ it is easy to get the coordinates 

X = c cosh 9 sin x, V = c sinh 6* cos x, X + iY = csm(9 + ix), 
The potential V becomes: 



-dV, 



(60) 



V" 



1 (iT ~ i^) ^-(^-i?-) 2 , At = V(X ± c) 2 + Y\ 



4\R 



(61) 



This relation shows clearly that the coordinates X, Y are quite unnatural to look for 
Bianchi metrics. Also the check that V is a solution of Laplace equation is hairy! 
It is convenient to examine the potential using elliptic coordinates 



£ = ccosh^, 



rj — c sm x 



V 



C 2 — 7] 2 



£2 _ ^2 



(62) 



Now we can compare with the more general potential [27j[p. 590] leading to an integrable 
geodesic flow: 

at 



V = v + 



i£ \/£ 2 _ ° 2 + ^\F C 



e-v 2 



(63) 



So, in the special case Vq = a = 0, we recover the Bianchi VIq metric. 

It is also interesting to have a look at the more general case where the SD connection 
does not vanish 



0. 



UJ,-, 



0. 



A 03, 



A e M\{0}, 



still leading to an ASD curvature. The metric, given in 



is 



Gyi = c 2 sin x cos x e 2Ax 



rfx 2 + 3 2 



cotx0 2 + tanx0 2 - 



(64) 



(65) 



In view of relation ()64j) the complex structures Jj are now 

J x +iJ 2 = e*> B (J x + iJ 2 ), J 3 = J 3 



(66) 



where the Jj were defined in (|59|). From this we conclude that £ 2 , £3 are tri-H while C x 
is not. Hence this metric is still a Multi-Centre, with the potential and connection still 
given by (|50|). but with cartesian coordinates 



x + zT = c - 



3 -A( x +ie) 
1 + A 2 



sin(x + 20) — A cos(x + it 



z. 



(67) 



The potential V and the 1-form G are still given by (|6U|) but it is no longer possible to get 
an explicit form in terms of these new coordinates. 

The curvature is such that A = B = so that W + = R + = 0, and 



W 



c 



fix) 



diag (1 — 3 cos 2 x + A sin x cos x, —2 + 3 cos 2 x — A sin x cos x, 1 ) , 



with f(x) — c 2 e 2Ax sin 3 x cos 3 x- So it is Petrov I. 

6.2 The Bianchi VIIo self-dual metrics 

The Killing vectors are now 

£1 = d e + zd y - yd z , C 2 = d,, 



(68) 



and correspond to the choice % = 1, n 2 — 1 and n 3 = in relation The invariant 
1-forms are 



o"i = cos 6 dy — sin <iz, o"2 = sin 6 dy + cos dz, 03 = 



(69) 



The metric with ASD connection was first given in [201 - Another interesting derivation 
was given also in which makes use of the relation between minimal surfaces in M 3 and 
four dimensional self-dual metrics. If one takes for minimal surface the helicoid 6 , then the 
corresponding self-dual metric is nothing but the Bianchi VIIq one, which can be written 



Qvii — c 2 sm h X cos h X d>x 2 + cr 



+ tanh x o\ + coth x o\. 



(70) 



Positivity restricts x G [0, +cxd[ and there is a partner metric obtained by the interchange 
of the coefficients of a x and a 2 - The complex structures are 



J\ = c(sinh x dx A a\ + cosh x 02 A a 3 ), 
J2 = c(cosh x <ix A cr 2 + sinh x ^"3 A <7i) , 
J 3 = c 2 sinh x cosh x c?X A 03 + o"i A a 2 • 



(71) 



It follows that both three Killing vectors Li are tri-H and therefore this metric is again a 
Multi-Centre. 



6 Taking the catenoid, one gets the Bianchi VIq metric. 



For convenience we take d% = £ 2 - The canonical form is obtained with 

V = si ^Xeoshx ^ Q = sin cos ^ ^ = ^ 

cosh % — cos 2 cosh x ~ cos 2 $ 

while the 3 dimensional metric is 

7o = c 2 (cosh 2 x ~ cos 2 6){dx 2 + d6 2 ) + dz 2 . 
We get for cartesian coordinates 

X = c cosh x cos 9, Y = c sinh x sin 9, Z = z, 
and the potential is quite complicated 



(73) 



Switching to elliptic coordinates £, r/ defined by 

£ = c coshx, 77 = c cosg, 

the potential becomes 



2_ c 2 



which can be compared again with the potential so we recover the Bianchi VIIo metric 
for the parameters Vq — b — 0. In this case the Killing tensor was first given in [2] as well 
as the proof of separability of the Hamilton- Jacobi and Schrodinger equations. 
Let us examine the more general case with 

ut = 0, ^4 = 0, w 3 + = A(T3, A e R\{0}. 

The corresponding metric was given in |20] : 

Gvn — c 2 smn X cosh x e~ 2Xx [dx 2 + (o^) 2 ] + tanh% (o"i) 2 + coth% (o^) 2 - (75) 

Now the complex structures are 

J x + i J 2 = e - ad ( h + zJ 2 ), J 3 = J 3 , (76) 

where the Jj were defined in (JTTJl . The metric is still a Multi-Centre because C\ and £ 2 
remain tri-holomorphic while £3 is just holomorphic. The potential and connection are 
still given by (f72|) while the new cartesian coordinates are 



X + iY = - 
2 



e (l-A)( X +i0) e -(l+A)( X +i0) 



+ 



A 1 + A 



The potential V and the 1-form B are still given by (|72jl but it is no longer possible to 
have an explicit form for them in terms of these new coordinates, quite similarly to the 
Bianchi VI case. 

The curvature is such that A = B = so that W + = R + = 0, and 

W~ = C = diag (1 — 3 cosh 2 x + A sinh x cosh x, —2 + 3 cosh 2 x — A sinh x cosh x, 1 ), 

/(x) 

with f(x) = c 2 e~ 2Xx sinh 3 x cosh 3 x. So it is also Petrov I. 



7 Non-diagonal Bianchi VIo and VIIo metrics 

In |27| [p. 586] it was proved that the Multi-Centre metric with the potential 



a vW 2 + V 2 + X + b V VX 2 + V 2 - X 

V = Vo H . (77) 

2v /X 2 + Y 2 V ; 

has an integrable geodesic flow. The separation coordinates for the Hamilton- Jacobi equa- 
tion were given, in the same reference, page 591, to be squared parabolic: 

They simplify the metric to 

g = l-(dt + Gdz) 2 + Vdz 2 + V{e + V 2 )(d^ + d V 2 ), (78) 

with 

^ = "o+ c2 , 2 , G= . 79 

The separation of the Hamilton- Jacobi gives in turn an extra quadratic conserved quantity 
S = S^HiUj where are the components of a K-S tensor. So we have four independent 
conserved quantities 7 

H = - gVlURj, n 2 , n t , 

2 y " (80) 

S = n 2 + (en 2 - MLJ 2 + ^o(^oe 2 + 2aOn 2 - 2(v e + a£)H, 

which are in involution with respect to the Poisson bracket. 

It is the aim of this section to show that this metric is a non-diagonal Bianchi VIIo 
metric. 

Let us first observe that for Vq = it reduces to the Bianchi II metric given by (j2*2l . 
To achieve this identification the following change of coordinates: 

T = (a 2 + b 2 )z, Z = t, X = a£ + br}, Y = b£ — arj, (81) 

allows to obtain 

(a 2 + b 2 ) g(v = 0) = -^(dT + YdZ) 2 + X(dX 2 + dY 2 + dZ 2 ), (82) 

X 

which does indeed coincide with the metric gjj of section 3. 

For the more general three parameters metric, we will now show that it is a non- 
diagonal Bianchi VIIo metric. The possibility of such metrics is known, but it seems that 
we are getting the first example of this kind. 

The proof of this fact relies on the existence of three isometries for (|78j) . given by 

d = -{b + 2v T ] )d ! : + {a + 2v Od v + td z -v 2 zd t , C 2 = d z , C 3 = d t , (83) 



7 Notice that for vq = we recover the conserved quantity of formula (106) in 27 . 



with the Lie algebra 



[A, C 2 \ = v 2 £ 3 , [A, A] = 0, [£ 3 , A] = U (84) 

For t> — it reduces to Bianchi II and this case has already been disposed of. For 
non- vanishing vq the algebra is Bianchi VIIo. The delicacy is now to relate the actual 
coordinates used for the metric (J78j) and the coordinates adapted to the Bianchi VIIo 
isometries as defined by the vector fields (JB5J) . A comparison of the vector fields suggests 
the following coordinates change: 

t^Z, z^— } £^ — — + rcos(20), 77 -> — — +rsin(2#). (85) 
v 2v 2v 

After this change it is possible to express dY, dZ and d9 in terms of the 1-forms o 2 
and (73 given by (|69|). For aesthetical reasons it is convenient to transform a — > 2at> and 
6 — > 2bvo to get the final form 



gND = vl(r 2 -a 2 - b 2 ) (dr 2 + Ar 2 a\ 



[(r + a) 2 + b 2 \a\ + 46rcri(T 2 + [(r - a) 2 + b 2 \o\ 



(86) 



r 2 — a 2 — b 2 

Taking for vierbein 

e = v \/Jdr, e 3 = 2v ry/fa 3 , f = r 2 -a 2 -b 2 , 

ff 2br fg 

ei=\-ai, e 2 = —^=<Ji + . - a 2 , g = (r - a) 2 + b 2 

V g vfg V / 

the spin connection has the structure 

u i = u t — 0; u t = — dr — 3 cr 3 , 

which implies that the Riemann curvature is indeed anti-selfdual: Rf — for % = 1, 2, 3. 

We expect that such a non-diagonal metric should exist also for Bianchi VIo, so let 
us write the equations giving both Bianchi VIo, and Bianchi VIIo, metrics. We take for 
vierbein 

e = a(r)dr, e 3 = /3(r) a 3 , e 1 = \{r)a 1 , e 2 = /i(r) a x + v{r) a 2 , (87) 
and for connection 

oj+ = uj+ = 0, cj+ = A(r) dr + C <x 3 . (88) 

Imposing the hyperkahler structure is most conveniently done using the 2-forms defined 
in (Jf)J) for which we have 

dF+ = -w+ A F+, dF 2 + = w+ A F+, dF+ = 0. 



This gives the differential system 

a) - (PX)' = eu + Xfi 2 - CX, 

a 

b) - (py)' = -fi\ 2 - C/i, Xu = 1, e 2 = 1. (89) 
a 

c) - (3vY = X - Cu, 
a 

For e = +1 (resp. e = —1) we get the Bianchi VIIo (resp. Bianchi VIo) non diagonal 
metric. Let us take for coordinate fixing the relation (3 = 2ra. Then relations (j89j) b and 
|c become 

2r { -^ = -C-2-X 2 , 2r^ = -C-2 + A 2 , (90) 
afx (xv 

implying a 2 iiv = Kr 2 . It is then convenient to parametrize a and v according to 



a = v V^F, u=^ => A*=^W (91) 

Substituting these forms in relations (JHHjl a and (jHUjl b leaves us with 

F = G', 2(r 2 GG" + rGG') - r 2 G' 2 = tG 2 + (K/v 2 ) 2 . (92) 

It is convenient to define H = \^G and use the variable t = lnr. The last differential 
equation becomes then 

A H 3 ' dt 
Multiplying by 2H and integrating leads to 

H 2 = ±+ e -H 2 -^ 
4 4 H 2 ' 

where L is some constant. Then, multiplying by AH 2 , one is left with 

G 2 = eG 2 + L G - Ab 2 => r 2 G' 2 = eG 2 + LG - (K/v 2 ) 2 } (93) 

showing that only elementary functions will appear in the metric. 
The metric itself can be written 



rG'(dr 2 + 4r 2 a 2 3 ) + -L ((L + eG)a\ + Abo x a 2 + G o\ 



It is then easy to integrate up to simple algebra, the Bianchi VII metric is 

recovered 



gvn = v l r 2 \r 2 - a 2 - b 2 ) (dr 2 + 4rV 3 2 



[(r + a) 2 + b 2 \a\ + Abr o x o 2 + [(r - a) 2 + b 2 ]a 2 (94) 
r 2 — a 2 — b 2 



with the non- vanishing component of the self-dual spin connection 



cu+ = A dr + Ca 3 , A = — C = -3 - 2c. 

r — or + o 



For the Bianchi VIo metric we get 
9vi — v o r2c cos P {dr 2 + 4r 2 cr 2 j 



(a — sin p)a 2 + 2ya 2 ^ T CiO^ + (a + sin p)er. 



(95) 



cos p 

where p = ln(r/r ) and this time we have 

u+ = A dr + Ca 3 , A = f^— -, C = -2 - 2c. 

2r(a + snap) 

Remarks: 

1. Notice that the integration process introduces an apparent fourth free parameter c 
in the solution. Its irrelevance is obvious since the potential V and the connection do not 
depend on it: its only effect is to change the form of the cartesian coordinates X and Y 
in terms of r and 9, while the coordinate Z = z remains unchanged. So in what follows 
we will set c = 0. 

2. The parameter vq allows for these metrics the euclidean as well as the lorentzian 
signature. 

For the Bianchi VIIo metric ()94j) the cartesian coordinates and the potential (|77j) are 
explicitly known, so it is a natural question to try to get the same information for the new 
Bianchi VIo metric (|95J) . To this aim let us first obtain the triplet of complex structures: 
we define a new function <ft by uj 3 = 2d<p and then rotate the 2-forms into the Jj 
according to 

J+ = J 1 + zJ 2 = e- 2 ^(F 1 + + zF+), J 3 = F+, (96) 

and since the Jj are closed, they are the complex structures we were looking for, as can be 
easily checked. 

From these expressions we see that the Killing vectors £2 and £3 remain tri-hilomorphic 
while Ci is holomorphic. So we take dt = £2 and transform the metric (|93j) into the Multi- 
Centre form (|TJ) . The potential and connection are now 



cosp —a sinh 29 + \/ a 2 — 1 cosh 29 
V= DUJ)' G= 5P dZ ' (97) 

with 

D(p, 9) = a cosh 29 — V a 2 — 1 sinh 29 — sin p, 
and the flat 3-dimensional metric 

70 = dz 2 + v 2 D(p, 9) {dr 2 + 4r 2 d9 2 ). (98) 



We have checked the relation dV = —-kdG. The cartesian coordinates are on the one hand 
Z = z and on the other hand 



d(X + iY) = v e 2ie I i±2 A + e ^ p+2ld) + - — - A_ e -^ p+2l(>) \ (dr + 2ird9), (99) 



with A± = y/ a ± Vet 2 — 1. We were not able to express the potential in terms of the 
coordinates X and Y as was possible for the Bianchi VII case. 

Let us observe that for e = we recover an apparently non-diagonal Bianchi II metric. 
However, up to some easy coordinates changes, it is possible to show that this metric is 
nothing but the tri-axial metric Gn, given by (J23j) in section 3. 



8 The Bianchi VIII and IX self-dual case 

We will begin with Bianchi IX metrics, which are the most popular and display the richest 
integrability properties, and present rather quickly the Bianchi VIII case, which is quite 
similar. 

8.1 Bianchi IX case 

Here we have the Maurer-Cartan 1-forms 

<7i — — sin (pd9 — cos <p sin 9 dip, a 2 = cos <pd9 — sin <p sin 9 dtp, a 3 = d<p — cos 9 dip, 
with the relations 

dui = 02 A (T3, d<j<i = 03 A ci, d(T 3 = o\ A a 2 . 

These forms are invariant under the vector fields 

cos ip sin ip 

R ± = sinipde + -— r -(cos 98^ + d^), R 2 = -cosipd e + -— - -(cos 68^ + cL), R 3 = -8^, 
sm9 sin 9 

which generate the su(2) Lie algebra. 
The tri-axial metric 

d\ 2 BC 2 CA 2 AB 2 „ nn , 

v = Jabc + — ° 1 + ^ 02 + — ^ (100) 

with 

A = y/X-Xu B = y/X- A 2 , C = y/X - A 3 , 

was given in 0j, ^7j. Its hyperkahler nature follows from its triplet of complex structures 

Vl 1 =d(Aa 1 ), tt 2 = d(Ba 2 ), tt 3 = d(Ca 3 ). (101) 

It follows that the vector fields i = 1,2,3 are tri-holomorphic. To write it in the 
Multi-Centre form (JTJ) it is convenient to take 8 t = 8^. One gets 

1 = 4^ cos 2 9 + ^-(A 2 sin 2 <p + B 2 cos 2 0) sin 2 9, 
V C AB 

102 

AB C 
— — = —— cos 9 dep + — — (A 2 — B 2 ) sin 9 sin cp cos cp d6, 
V C AB 



and the cartesian coordinates 

X = A sm9 cos(p, Y = B sin# sin0, Z = C cos6, (103) 

with max(Ai,A2) < A3 < A. This result was first given in |15| . and using Hitchin's result 
in PI|. 

Its bi-axial limits Ai = A2 were discovered earlier by Eguchi and Hanson jU], and are 
best displayed using the coordinate s = a/A — A3 which gives 



2 2 

9 = -^—^ ds 2 + a\ + s{of + aj), c 2 = A 3 - A : > 0. (104) 

s z + cr 



Notice that here positivity requires s > 0, and the metric is not complete due to the 
singularity at s = 0. 

If c 2 < we obtain, in the same bi-axial limit: 

9eh = 5 S 2 ds 2 + S a\ + s{a\ + a\). (105) 
s — c z s 

Now positivity requires s > c and s = c is an apparent bolt singularity, leading to a 
complete metric. These two metrics enjoy the extra isometry with respect to the tri- 
axial metric, but it is only holomorphic. 

The potential of its Multi-Centre form was discovered a long time ago; using as cartesian 
coordinates 

X = Vs 2 — c 2 sin 6 cos 0, Y = V s 2 — c 2 sin 6 sin 0, Z = scos#, 
as well and the notation r± = X 2 + Y 2 + (Z± c) 2 one has 

This is a particular 2-centre metric which displays the classical as well as the quantum 
integrability property [22] . 

As mentioned in section 2, there is also the possibility of having for the spin connection 
the form 

U0i = 01, 0J2 = cr 2 , LU3 = 0-3. 

In the bi-axial case this leads to the Taub-NUT celebrated metric (still a Multi-Centre!) 
and its rich structure with respect to integrability, see [E] , [H] , • The corresponding 
tri-axial metric was given by Atiyah and Hitchin pP but is no longer in the Multi-Centre 
family and the integrability of its geodesic flow is an open problem. 



8.2 Elliptic coordinates for tri-axial Bianchi IX 

In elliptic coordinates were used for the tri-axial Bianchi IX metric in the quest for 
separability of Hamilton- Jacobi equation. These coordinates (A, /x, v) are defined by 

(A-AOOu-AO^-Ai) 



X' 



(Ai-A 2 )(Ai-A 3 ) 



y 2 = (A : x A2)(/ ;:^ 2)(;/ ~ A2) , o<a 1 < / ,<a 2 <,<a 3 <a. (i 07 ) 

(A2 — Ai){A2 — A3) 

(A-A 3 )(/x-A 3 )0/-A 3 ) 
(A 3 -Ai)(A 3 -A 2 ) ' 



The flat metric 70 takes the diagonal form 

70 = dX 2 + dY 2 + dZ 2 = g x d\ 2 + g 2 d/j 2 + g 3 dv 2 , 

with 

91 = (A ~4^ ( a)~ = ( A - A ^ A ~ A ^ A ~ A ^' 

92 = ( ^~ 4 A ^~ V \ S{p) = (a* - Ai)(ai - A 2 )(// - A 3 ), (108) 

= = - Ai)(i/ - A a )(i/ - A 3 ). 

The potential and the 1-form B become: 

(A - /i)(A - i/) ' -2A^l v V5T^ d/i_ VTT^7 rfA J' (1 ° 9) 

with iV(x, y) = (x — A3) (y — A3) — (A3 — Ai) (A3 — A 2 ). From these formulas we have checked 
the relation dO = — * dV. 

Let us now use the necessary conditions for separability of the Hamilton- Jacobi equa- 
tion due to Levi-Civita (see [211 [p- 105]). They read 

dH dH d 2 H dH dH d 2 H dH dH d 2 H dH dH d 2 H () 

The Hamiltonian for the Bianchi IX metric is 

TT 2 II 2 TT 2 /B B \ I IBM 2 

2H = ^ + -^ + ^-2 q ^n, + ^n, ) +q 2 u, u = v + ^. (in) 

Vgi Vg 2 Vg 3 \Vg 2 Vg 3 J V 

The conserved charge q = Ho may be used as an expansion parameter in (jllOj) : this gives 
five relations, according to the powers of q involved. For q = we have checked that the 
Levi-Civita conditions hold as was to be expected. However, at the first order in q, taking 
x % = X and x- 7 = /i, the Levi-Civita conditions imply the constraint 



n M (aul + pu 2 u + 7 n^n,) = 0. 



The coefficients a, (3, 7 are complicated functions of the coordinates, but [3 can be seen 
to be non-vanishing. Hence we conclude that the elliptic coordinates are not separation 
coordinates for the Hamilton- Jacobi equation. 

8.3 Bianchi VIII case 

One has the Maurer-Cartan 1-forms 

o x — — si n <pdr — cos sinh r dip, o 2 = cos cpdr — sin sinh r dip, 03 = dcp — cosh r dip, 
which are invariant under the vector fields 



R x = sin ipd T + (cosh rcL + dA R 2 = - cos ipd T + (cosh reL + dA i? 3 = — dw,, 

sinnr smhr 



generating the su(l, 1) Lie algebra. 

The tri-axial metric was given in [23] . The only change in the metric (jlUUj) is that now 
C = y/ns — fi, from which we can take max(/ii, /x 2 ) < fJ> < Hz- Its complex structures are 

n 1 = d{Aa 1 ), n 2 = d(Ba 2 ), n 3 = -d(Ca 3 ), (112) 

so the vector fields Ri, i = 1,2,3 are tri-holomorphic. Its Multi-Centre potential (fT|). 
taking again d t = d^, is still given by (jl()2|) . with the cartesian coordinates 



X = a//x — \i\ sinhr cos0, Y = ^/ \i — /x 2 sinh r sin 0, Z = V '/X3 — /i cosh r. (113) 

Here too, no definite conclusion is known about its integrability. 

Its bi-axial limit, which enjoys the extra Killing vector d^, was derived earlier by 
Gegenberg and Das 



g = 5 S 9 ds 2 + — cx 2 + s (a 2 + of), < s < c. (114) 

c — s s 

It is not complete due to the s = singularity. Taking for tri-holomorphic Killing vector 
d^, this metric corresponds to a Multi-Centre with 

s c 2 — s 2 

V = ~2 2' 9 = ~2 ^2 ^COshrrf0, 

c z cosh t — s c z cosh r — s z (115) 

X = V 'c 2 — s 2 sinh r cos 0, K = \/c 2 — s 2 sinh r sin 0, Z = s cosh r. 
This time we have 

y = I(l-iy e = i fizf _ £±ff) # , (ii 6 ) 

2 \r_ r + / 2 \ r_ r + J 

so we are back to a two-centre metric, with a positive and a negative mass, for which inte- 
grability is for sure. The work by Mignemi [221 could be adapted to this case to prove the 
classical (Hamilton- Jacobi) and quantum (Schrodinger) separability hence integrability. 

As opposed to the Bianchi IX case, there is no possibility of having for the spin con- 
nection the form (jlljl because the relations 

Ai = A2A3, A2 = A3A1, A3 = — A1A2 

have no real solution: so there is neither a Taub-NUT like metric nor an Atiyah-Hitchin 
like metric for Bianchi VIII. 



9 Quantum integrability aspects 

Once the question of the classical integrability of some geodesic flow is obtained a natural 
question arises: what about its quantum integrability? This is quite a difficult question 
because there are many available quantization schemes. One of the most attractive is the 
so-called "minimal quantization" defined by Carter [HJ. Simplifying somewhat, it uses the 
following quantization device up to quadratic classical observables 

K(x) — ► K(x)I 

K^IU — -^(ro^ + Vior) (117) 

K ij (x) Ui Uj — ► - Vi o K ij o Vj , 



where the formally symmetric operators act on the Hilbert space of wave functions, which 
are to be square summable for the invariant measure on the manifold. The quantized 
operator corresponding to the Hamiltonina is therefore the laplacian H = — | V 1 o V». 
These rules were completed in |8 a to cover cubic observables, according to 

K^UiUjUk — > ^(ViO^oV.oVk + VioV.o^oVfc). (118) 

We will denote by K n some classical observable of degree n < 3 in the momenta and by 
K n its quantum operator. If K\ is generated by a Killing vector and K 2 by a K-S tensor, 
the following relations were proved in jH], [HJ: 

[K[, H] = -i{K^H}, [K 2 , H] = -t{I^H} + iA^j, (119) 

with 

Ak 2 ,h = I (v, B^ H ) Ut, B% >H = -Kf Ric/ ] . (120) 

Now in all cases the classical integrability is ensured by two Killing vectors and one K-S 
tensor, so the relations ()119|) and the Ricci-flat character of these metrics show that within 
"minimal quantization" the classical integrability survives to quantization. In particular 
this means that the Schrodinger equation will be separable as well as the Hamilton- Jacobi 
one. 

10 Conclusion 

This article has mostly dealt with the integrability of hyperkahler Bianchi A metrics within 
the Multi-Centre class. Quite surprisingly this family exhibits most integrable models 
(albeit not all: recall, for instance, the tri-axial Bianchi VIII and Bianchi IX cases) among 
the Multi-Centre family. A striking fact is the emergence of a genuinely new W-algebra 
structure for the observables for the simplest Bianchi II metric. The appearance of such 
structures in problems related to General Relativity is somewhat surprising but could 
lead to further developements in the future. Nevertheless the problem of paramount 
importance remains the study of the classical (and quantum) integrability of the Atiyah- 
Hitchin geodesic flow, governing the dynamics of two-monopole states. Some qualitative 
results on the existence of closed geodesies [3], [21] are known and some perturbative 
arguments around the negative mass Taub-NUT If quadratic Killing-Stackel tensors 
would exist for this metric one could separate the Hamilton- Jacobi equation (and possibly 
Schrodinger equation) leading to far-reaching consequences in our understanding of the 
classical (and quantum) monopole dynamics. 
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